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Introduction Motivation

Motivation

Context

@ How could we estimate, prevent and manage the
risk of failures for repairable systems ?

@ Which are the stochastic models to describe such
systems ?

— Poisson, Markov, Cox, semi-Markov, etc.

Objectives

@ Describe repairable systems by semi-Markov models.

@ Estimate non-parametrically risk indicators
— ROCQOF, reliability, availability, MTTF, MTBF, etc.
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BB YeYelitaalelslll Scmi-Markov models

Semi-Markov models

State

(Jn) : State of the system
(Sn) : Jump time

(=} X2 (X7) : Sojourn time
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Introduction Semi-Markov models

Definition

The chain (J,S) = (Jn, Sn)nen is a Markov renewal chain (MRC) and satisfies almost
surely (a.s.)Vk,n e N, Vi,j € E

P(Jn—i-l = j, Xn+1 == k|J0, ceey Jn = i; So, ...,Sn) == P(Jn—i-l - j, Xn+1 == k|Jn == Z)

Definition
We define the semi-Markov kernel (SMK) (discrete time) :

ql-j(k) = P(Jn—i-l = jaXn—I—l = k‘Jn = Z) i,jeE, k,neN.
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Semi-Markov models
Embedded Markov chain

The chain J = (J,)nen (embedded Markov chain) takes its values in E and describes the
state of the system in the n—th jump and is characterized by

@ initial probabilities
a;=P(Jyp=1), i€E.

e transition probabilities

pij = P(Jus1 = jlJn=1), i,j€E, neN.
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Introduction Semi-Markov models

Semi-Markov and double Markov chains

Definition

o The semi-Markov chain (SMC) Z = (Zx)ken is defined by Zy. = Jy (), where
N (k) = max{n € N|S,, < k}.

o The sequence of the backward recurrence times is defined by U = (Uy)ren, where

Theorem (Limnios and Oprisan, 2001)
The chain (Z,U) = (Zk, U )ken is a double Markov chain with initial law a.
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Semi-Markoy models
Transition law of (Z,U)

o Transition probabilities

P((i,t1), (4. t2)) = P(Ziy1 = §, Upgr = t2| Zi = i, Uy, = t1),
Y (it1), (G t2) € ExX N, ¥ k € N.

@ Survival function of sojourn times

k
Hi(k):=P(Xpp >kl =i)=1-Y_ > gq;(n),

jEE n=0
Vie E, keN, | € N¥,
Theorem (Chryssaphinou et al., 2008)
- gij(ti + 1)/Hi(th), if i#j, t2=0,

P((i,tl),(j,tz)) = Fi(t1+1)/ﬁi(t1), Zf 1 =7, to —t1 =1,
0, elsewhere,

YV (i,t1), (j,t2) € EXN, ¥V k € N.
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Risk indicators for semi-Markov models
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I3PEY BTSSRI (SISO Hitting time intensity

Hitting time intensity
joint work with N.Limnios, LMAC, University of Technology of Compiegne
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Hitting time intensity [EEBISssesatelsy

Hitting time intensity

Z takes its values in F = {1,2,...,s}. We partition E =U U D (U, D # () s.t.
o U={1,2,..,r} < up states
e D={r+1,..,s} — down states
@ At time k, the number of transitions of the SMC from U to D is defined by :

k
Ny (k) = Z Liz,_,ev,zeDy
=1

Definition

The hitting time intensity in discrete time (DTIHT) is the mean number of transitions of
the SMC to D at time k :

ru (k) = E[Ny (k) — Ny (k —1)].
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Hitting time intensity [EEBISFETate}s)

Litterature

e The DTIHT is the discrete time analogue of the rate of occurrence of failures (ROCOF)
denoted by ro(t), t € RT. It can be interpreted as follows : ro(t)A(t)+o(A(t)) (A(t) —
0) is the probability that a failure, not necessarily the first, occurs in (¢, + A(t)].

Markov models (continuous time)
o Discrete state space : Lam (1997), D’Amico (2015).

e Semi-Markov models (continuous time)

o Discrete state space : Ouhbi and Limnios (2002).
o Continuous state space : Limnios (2012).

(Hidden) semi-Markov models (discrete time)

o Discrete state space : V. et al. (2014), V. and Limnios (2015).
o Application fields : Seismology, Finance, Biology etc
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Hitting time intensity [EESNCAIEYGe3s

Evaluation

Theorem
The hitting time intensity of the SMC' at time k is given by

k—1
fuk) = >SN [@Pr ), m)P((i,m), (j,0)), k€N

i€U jeD m=0
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SEEAAET- AR RISl Non-parametric estimation

Non-parametric estimation

o Trajectory of the MRC (J,, Sy )nen up to arbitrary time M € N :

H(M) = (Jo, 51, s IN(ry=15 SNy IN () s Una )

Definition

The estimator of the hitting time intensity is

Tl M) =33 ST 1@Py )G m)Pas (G, m), (,0)).

€U jeD m=0

k-1 k-1
where (aPy; )(i,m) is the (i,m) element of the vector aP,; , for every k € N*.
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Hitting time intensity Non-parametric estimation

Following Barbu and Limnios (2008), we have :
e Empirical estimator of the SMK :

L Non
a\Z‘7(k7]\4') = N(M) Z 1{Jn—1:i7Jn:j7Xn:k}7 k S N
¢ n=1

e Empirical estimator of the survival function :

k

Hik,M)=1-3" % G,(n M), keN
jEE n=0

e Empirical estimator of the transition probabilities :

~ E]:Ej(tl"‘laM)/Ai(tlaM)v 1fZ7£]7 t2:07
PM((ivtl)v(j7t2)) = Hi(tl—l-l,M)/Fi(tl,M), ifi=4j, to—t1 =1,
0, otherwise.
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Asymptotic properties of the empirical estimator [EEISRSEATGY

Consistency

Proposition

For any fized, arbitrary k € N*, ?U(k, M) is strongly consistent in the sense that

Fuk, M) =22 7, (k).
M—o00
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Asymptotic properties of the empirical estimator Asymptotic normality

Theorem (V. and Limnios, 2015)

In the stationary, ergodic case, the distribution of the s*(M + 1)%-dimensional random
vector €M = (€01, ) 1)) 0.0, ) e Xy, Where

1 ~
i)y = — == Nli,t1)(j.t2) (M) = Nez0y) (M) ) P((i, t1), (j, t2) ),
' ’ N(l,t1)(M)( ) )

converges, as M tends to infinity, to the normal distribution centered at the origin with
covariance matriz A = (A(((z’,tl), (4, t2)), (L, t3), (r, t4))>>, where

(( 7, t1 ],t2 ) ((l7t3)7(r7 t4))>
6(1 t1)(l,ts) (6(1 t2)(r, t4)P((i7t1)a (j,tg)) - ﬁ(@?“)? (]’ t2))ﬁ((i’t1)’ (7", t4))>

Ty ={0,1,..., M}, (i,t1),(4,t2), (1, t3), (1, ta) € E x Tas and b4 is the symbol of
Kronecker, i.e, 6 = 1 if i=j and 63 = 0 if i # j, for all i,j € E x Ty.
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Asymptotic properties of the empirical estimator Asymptotic normality

Theorem (V. and Limnios, 2015)

Let (Zk, Uk)keN be an homogeneous, ergodic Markov chain with stationary distribution 7.
The random vector F' = (f(i11)(j12)) (i,t1),(jt2) €Ex oy » Where

f(i,tl)(jﬂfQ) = \/M(EM((LH): (.77 tQ)) - ﬁ((iatl)a (jatQ))>

converges, as M tends to infinity, to the normal distribution N'(0,T'), where I’ is a
covariance matriz of dimension (s*(M + 1)?)x (s*(M +1)?), defined by

= AL.0) 0 0

™

_1
w(i,t1)

;(;M)A(& M)

o -
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Asymptotic properties of the empirical estimator Asymptotic normality

Asymptotic normality

Theorem (V. and Limnios, 2015)

Let (Zk, Uk) be an homogeneous, ergodic Markov chain. For any fixed, arbitrary k € N*

keN

VM (7 (k, M) =7y (k) —=— N(0, 8T "),

M—o0

where ® : [0,1]¢ — R (d = s2(M + 1)?) is the function

q’(ﬁ((ilv’m/), (', t)); (',m)), (5, ') € E x TM>

k—
:ZZZ @P* =)@ m)P((i,m), (7,0))

€U jeDm

=33 Z (D (s, 0P 1((s,0), i, m)) ) P((5,m), (7. 0)

1€U jeDm=0 seFE

W
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RIS SIS TN SR IR Simulated data

Simulated data

o H(M) = (Jo, 51, s In(ary=15 SNy In(arys Unt )-

o (Jp)nen takes its values in ' = {1,2,3,4} (U = {3,4},D = {1,2}) with transition
matrix
0 08 02 O

09 0 0 0.1

and initial law o = (1 0 0 0). We obtain a trajectory of (J,)nen in [0, M] C N, where
M = 1000, 1500, 2000.

o X1_>3,X2_>4 ~ G(O.S), X1_>2 ~ W(O.S, 1.6), X2_>1 ~ W(0.7, 1.6), X3—>1 ~ W(0.4, 0.7)
X2 ~W(0.3,0.7)
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RIS SIS TN SR IR Simulated data

0.025 T
—+—True Value
——M=2000
——M=1500
0.02 ——M=1000
g 0.015 - b
£
IS
= 0.01+ -
0.005 -
0 1 | 1 1 1
0 50 60 70 80 90 100

F1GURE — Consistency of the hitting time intensity estimator.
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Numerical e: S Real data

Real data

Data

Study area : Greece
Study period : [1845,2016]
Magnitudes : M > 6.5

Semi-Markov model
U:Mel6.5,7.1]
e D :M>T71

Source

F1GURE — Epicentral distribution of http ://geophysics.geo.auth.gr//ss

earthquakes that occurred in the study area
from 6t" century BC up to May 2011.
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Numerical examples [EESTEINCENEY

0l I | | | | I I I
0 5 10 15 20 25 30 35 40

k (years)

FI1GURE — Occurrence rate of earthquakes with magnitudes M > 7.1, ?B(k, M).

S.A.P.S XI Peterhof, 19/07/2017 23 / 49



I3PE) BTSRRI SR (SISl Conditional hitting time intensity

Conditional hitting time intensity

joint work with M.Hamdaoui, LeM3, University of Lorraine

S.A.P.S XI Peterhof, 19/07/2017 24 / 49



Conditional hitting time intensity [EEBIISEssIatesl

Conditional hitting time intensity

o At time k, the number of transitions of the SMC from the fixed state i € U to the
fixed state j € D is :

k
# _
sz(k) = Z 1{Zl—1=i7Zz=J'}‘
=1

Definition

The conditional hitting time intensity is the mean number of transitions of the SMC' at
time k given that it starts from the fived up state i and ends to the fived down state j :
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Conditional hitting time intensity

Non-parametric estimation

Non-parametric estimation

Definition

The estimator of the conditional hitting time intensity is defined by

~=nk-1 =

for every k € N*.
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[OFc3eTebiATI TN I F AR TNRAI TSI NAHISiinall Asymptotic normality

Lemma

Forn > 2, the random vector F™ = (f(’;, m), (' t,)) where

(@' m!),(§' ) eEXTy

fg’,m’),(j’,t’) = \/M (En((i/7m,)7 (j/7t/)) - ﬁn((élam/)v (jlat,)))

has the same limit in distribution as the random vector

G = (om0 (.0, ) e Ex T
where
90 m G ) = Z <ﬁn_1((i/7m/)? G ) fyran + PG ), (jlat/))f(i’7m’),(j,t)>
(4,t)EEXTs
n—1
+1{n23}z Z PR (@ m'), (i1, t1)) PP ((i2, ta), (') flir 1), (i 2)

k=2 (31,t1),(i2,t2) EEX Ty
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[OFc3eTebiATI TN I F AR TNRAI TSI NAHISiinall Asymptotic normality

Lemma

The random vector F™ converges, as M tends to infinity, to a centered normal random
vector with covariance matriz X = Xy I’ Z;}F. The matrix

Sp=Sp((d",m"), (7', ), (W, 0"), (8" 8) (i mr), (57 40), (w0 ()€ B X Tg
of dimension d x d (d = s*(M + 1)2) is given by

(@, m'), (5, 1), (W0, (s W) = 07 #).(s ") prt ((i’, m'), (u, v'))
+ 8y, w0y PPH((8T w0, (5, 1))

n—1
+ Z ]Sn_k((i/, m'), (u’, v/)) ﬁk—l ((s/, w/), (j/, t/)).
k=2
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Conditional hitting time intensity Asymptotic normality

Theorem
For any fized k > 3, the random vector R(k) = (Rij(k))ijer where

Rm(k?) = \/M(;g(k‘, M) - Tf](k))

converges in distribution, as M tends to infinity, to a centered normal random vector with
covariance matriz E,«FZTT, where

2 ((4,7), (u',0"), (8", w")) = 0w iy Lo <i—1) Os7 w1, (5,0 Z a(s,0)PF1 ((s,0), (u',v"))

selE

+ 5(5’,i)1(w’§k—1) ]3((2, w/), (]7 0)) Z 5(8, O)ﬁk_2((87 0)7 (ulv ’U/))

sekE

k—1
+ 0w v1),(5,0) a(u', 0) Z P ))Pk >((s',w"), (i,m))
m=0
k=1 k-2

- a(s,0) P((,m), (4,0)) P*=177((s,0), (', v")) P=2((s', '), (4,m)).

m=0seE r=2

W
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I3PE) BTSRRI R (SISl Conditional mean time to failure

Conditional mean time to failure

joint work with A.Brouste, LMM, Le Mans University
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Conditional mean time to failure [EEBIISESIATe3N

Conditional mean time to failure

7 takes its values in E = {1,2,...,s}. We partition E = U U D (U, D # () s.t.
o U={1,2,..,r} < up states
e D={r+1,..,s} — down states
o The first passage time in D is defined by :

Tp =inf{k € N: Z; € D} and inf{@} = c0.

Definition
The conditional mean time to failure is defined by :
CMTTF; =E(Tp|Jy = 1),

for any state i € U.

I.Votsi (LMM, Le Mans)

S.A.P.S XI Peterhof, 19/07/2017

31 / 49



Conditional mean time to failure Evaluation & non-parametric estimation

Evaluation

Column vector of the conditional mean times to failure :

CMTTF = (CMTTFy,...,CMTTF,)"
= (I-Py;) 'my,

where P11 = (pij; i,7 € U) and my = (E(S1|Jo =1); i € U).

Non-parametric estimation
Empirical estimator of CMTTF :

CMTTF(M) = (I1— Py (M) 'y (M),
where
o P1(M) = (pyy(M); i,j € U) and piy(M) = 00
o iy (M) = (Mi(M); i € U)T and my(M) = Y00 Hi(l, M).
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Asymptotic properties of the empirical estimator [EEISRSEATGY

Consistency

Theorem

For any state i € U, C]\jT\TFZ(M) 1s strongly consistent, in the sense that

CMTTF; (M) —%* CMTTF,.

M—o0
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Asymptotic properties of the empirical estimator Asymptotic normality

Asymptotic normality

Theorem

For any state i € U, the random variable C’]\ﬂ\TFZ-(M), is asymptotically normal, in the
sense that

VM(CMTTF;(M) - CMTTF)) ML> PV p—
—00

with the asymptotic variance

U%’MTTFi = Z a%m,umm (0-31 + Z (776 - ﬁm)mef +2 Z Wme)a

mekl leE leE

where Qm( = :?i(u - mm)qu(u); Qi5 = (I - Pll);jlf Te = ZreU mMyQyy,

Nm = ZjeUpmjnj, and o2, is the variance of the sojourn time in state m.

I.Votsi (LMM, Le Mans) S.A.P.S XI Peterhof, 19/07/2017 34 / 49



Convergence rate of the posterior distribution
joint work with G.Gayraud and N.Limnios, LMAC, UTC
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SISHIRVEN NI Introduction & definitions

Definition

o (Jn)nen is defined in a continuous space E with associated o-algebra & ;
(Sn)nen is defined in RT with associated o-algebra BY = Bor(R™).

e The Markov renewal process (Jp, Sn)nen Satisfies a.s.

P(Jp41 € B, Sp1 — Sp < t|Jo,...yJn, S0y, 5) = P(Jpt1 € B, Sp+1 — Sp < t’Jn),

vn €N, Vt e RT and VB € &.

o The semi-Markov process is defined by Zy = Iy, t € R*, where

_ 0, if S1— 80>t
N(t)_{sup{nEN*:Sngt}, if S1— Sy <t.
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SISHIRVEN NI Introduction & definitions

Definition

Semi-Markov kernel (continuous time) :

QI(Bat) = P(Jn+1 € B7Sn+1 — 5 < t|Jn = l’),

VBe& Vre E,teRT.

Hypotheses
e (H1) There exists a measure v in (E x RT, £ @ B") s.t. Vz € F

de(y,t) = Qz(y7t)dy(y7t)7
where ¢ (-, -) is a probability density.

o (H2) (Jn, Sn)nen has the stationary law p.
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SIETIRIVESI N IS IEMl Bayesian framework

Bayesian framework

e We assume that the probability density ¢, (:,-) is parameterized by ¢ € © — q°.
e The parameter ¢ is random with a prior distribution 7 defined in (©,7).

e We consider a trajectory of the MRP

Hn = (J07 Slu ey Jnu Sn);

that corresponds to ¥, i.e. to the probability density ¢V.
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SIETIRIVESI N IS IEMl Bayesian framework

Definition

The posterior distribution wHn is defined by

VB € T, where IP)E;L) 1s the distribution of H,.

Semi-Markov framework

S (o So) TTi= a5, (Ji, St = Si—1)dm(9)

it = =
) = 50 S0 T ), (0 St — Si_0)dn(0)
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Convergence rate [BISstitatels)

Convergence rate

Convergence rate

How fast the posterior distribution shrinks towards the true parameter value 9¢ 7

Definition

7ln converges with a rate ., if there exists a strictly positive sequence (g, )nen tending to
0 s.t.
C Poo
(V2 (99)) —= 0,

n—oo

where V., (9g) = {9 |d(¢°,¢"°) < &,}, and d a distance defined in Q = {¢°9 € ¥}.
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Convergence rate [EBIAdEAAILS

Litterature

H,, — i.i.d. observations
Ghosal et al. (2000) ; Arbel et al. (2014) ; Castillo (2014) etc

H,, — non i.i.d. observations

Ghosal and van der Vaart (2007); Rousseau et al. (2012) ; Gassiat and Rousseau (2013) ;
Knapik and Salomond (2014) etc

H,, < realization of a MRP

How could we obtain the convergence rate of 77 ? Under which hypotheses ?
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Semi-Markov framework

.which distance d in Q) 7

e Hellinger distance between the distributions gy,., and gy,., dominated by the measure
v and for fixed x € E :

(991500 4922) = 5 /Mw (\/q y,t \/q v, ) dv(y,t).

e Given a measure y, we define the semi-distance d,, between ¢"* and ¢”2 :

2 (" q") = /E B2 (@9 G02s0) ().
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(OIS STl Semi-Markov framework

For two distributions IP’Q(;;) and Pfgn), we define :

° IE(()") and V(()n) the mean and the variance w.r.t. the distribution IPSZ).

o Kullback-Leibler divergence :

5(Jo, So) 12 4 (J1, St — Si1)

(n) m(n) (n)
KP® PMy = E™[10g2 .
FanrBo) ‘ [ % 5(Jo, 50) a5, (i, S = Si-1)

@ Second central moment :

ﬁ(J(), So) f[ Q§;)71(le Sp— Sl—1)1|

V IED ’]PJ = V 10 ~
Py, Py ) 0 18 5(Jo, So) 2t dy (TS = Si-1)
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(OIS STl Semi-Markov framework

Additional hypotheses

e (H3) There exist two measures v* and n* in £ and two positive integers k,[ s.t.

Vx € F, and all ¥ € ¥,

e (H4) Jec>0et.

2

7r(19 : K(Pg;),IP’( )) < ne? V(P (n) ]P’(n)) < ne ) > e Men,
e (H5) For 0 < £ < 1, there exists €, > 0 s.t.

sup log N (€, {9 € 9 : dys(g v q%) < eh,dys) < mez.

E>€En
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Convergence rate [EVESS I

Main result

Theorem

Under the hypotheses (H1)-(H5), and for M large enough, there exists (e, > 0) where
en, — 0 s.t.

Eén) |:7TH" (19 dy(q°,¢7) > Manﬂ — 0.

n—oo
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Perspectives

Perspectives

Risk indicators — hitting time intensity

e SMCs in general state space

e Hidden Markov renewal chains
o Jump times # emission times ?

Convergence rate of the posterior distribution

e How could we weaken some of the hypotheses ?

Semi-Markov processes/chains — parametric context

e MLEs or Bayesian estimators with appealing asymptotic properties ?
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